REVIEW QUESTIONS FOR TEST 4

Power series
1) Give a definition of the power series. What is the radius of convergence / interval of

convergence of a power series? Explain how to compute them for a given series.
2) Determine the radius and interval of convergence for the following series:
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Representing functions by power series

3) Explain how to differentiate / integrate a power series. What is the impact of these
operations on the radius of convergence?

4) Give a power series representations of the following functions:

(a) flz) = 1:@ (d) f(z) = 3;7 1
() 1) = 5 © 1) = gy
(©) fla) = 17— ) f(z) = %

In the following questions use partial fractions decomposition first, then obtain the
expansions of the resulting fractions:
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Taylor and Maclaurin series
5) Write down the formula for Taylor series. What needs to be changed to obtain Maclaurin
series? What is the expression for T, (x), the n-th degree Taylor polynomial? What is
the Taylor inequality, and how is it used to estimate the error in approximating f(x)
with its Taylor polynomial T},(z)? Write down the important Maclaurin series you know.
6) Obtain Maclaurin series for the following functions, using the definition or any other
convenient method. Do not show that R, (z) — 0.
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() fl2) = (1— )2 ) fa) = YT =)

(b) fla) = (@ +3)" (i) f(2) = 2+2)7?

(c) f(x) =cosw () f(z) = xcos3z

(d) f(z) =sin2z 1 —cosx 40
(e) f(x)=1In(1+ x) (k) f(x) = { xz

(f) f(x) =2?In(1 + ) 1/2, z=0
(&) fla)=e" 1) f(z) = o

7) Compute the Taylor series of the following functions centered at the specified a. Do not
show that R, (z) — 0.

(a) fz) =2’ +42” +2+3, a=2 (d) fl@)=Vz, a=9
(b) f(z) =Inz, a=1 (e) f(x)=cosz, a=m/4
(c) flz) =€, a=2 (f) f(z) =sinz, a=m7/6.
8) Use series to compute the given limits:
. r—In(l1+x) . 1l—cosz
S Sl N lim — <
(2) il—% x? (©) 250 1+ 7 — et
— 1= i — 3/6

(b) lim V1i+zx 21 x/2 (d) Tim sinz :c5+a; / ‘

z—0 x z—0 x

Applications of Taylor polynomials
9) Explain the method for approximating functions with Taylor polynomials, and its purposes.
How to choose the center of such a polynomial? Explain how the singularities of a function
influence the radius of convergence if its Taylor polynomial.
10) Find the Taylor polynomial T3 of degree 3 for the following functions, centered at the

given a:

(a) f(x) =¢€", a= (e) f(z) =2%In(1+z), a=0
(b) f(z) =sinz, a=m/6 (f) f(z) = zsinz, a=0

(¢) f(x) = cos2z, a=m7/4 (g) f(z) = Vx, a=14

(d) f(z) =e"sinz,  a=0 (h) f(z)=e", a=0

11) For the functions of the previous question, estimate the accuracy of the approximation
f(z) = T3(x) when |z — a] < 1/2. Use the formula

M n
|Rn<.’13)| S m’x —a| +17

which holds when |f" ) (z)| < M.
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Answer key.

2) (a) R=1,[-1,1) (e) R=2,[-2,2]
(b) R =4, [1—4 1+ 4] (f)y R=17,(=7,7]
(c) R=1,[2—-1,2+1] (g) R =400, (—00,00)
(d) R = +o0, (—00,00) (hy R=1/6, (1/2—-1/6,1/2+1/6)
4) (a) flx)=) 2", || <1
n=0
=3 A(=2)"z", x| <1/2
n=0
x) = ix”“, lz] <1
n=0
@ 1) =3 -2, Jal < 1/V3
n=0
() fl2) =) (-D*=+1)™,  |e+1]<1
n= O
24 (x4 3)2 T - 211 Mz +3)%, e +3l<1
(g) Taylor series at a = 2 : "
fla)=> =20z -2, |z-2/<1.
n=0

Maclauriog series:
fla)y=> (-1-3""")a",  |z[ <1

n=0
Note that for both series the radii of convergence are 1 because the function has a
singularity at x = 1, the midpoint between a = 0 and a = 2.

o

(h) f(z) =) —8-4"(x+3/2°"",  |z+3/2]<1/2
n=0
) > -1 n+1 . 1 .
(i) f(z) = 7;) (( 3n)+1 22n+1> o+ Z ( 3+l 22n+2> z? |z <1/2

(j) Note that the second factor in denomlnator can be written as 22 + 2z + 2 = (z +
1/2)% 4 3/4, whereas the first is (z + 1/2) 4+ 1/2. We can therefore expand the given
function about a = —1/2; equivalently, in terms of powers of (x4 1/2). The resulting
Taylor series has different expressions for the even and odd coefficients:

oo

f({L‘) _ Z (22n+1 + 2(_1)n+1 <§>n+1) (x n 1/2)2n

n=0

e 9] 4 n+1
+> <—22”+2 +2(—1)" <7> > (x4 1/2)%" 1, lz+1/2] < 1/2.
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00 & x3n
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n=0 n=0 ’
b) f(z)=2>+62+9 s
o) fle = s ) ) =31 (e
(c) f(z) = 2}(—1)”(%)! =0 s
oo 92ty (i) f(z) = Z: 2_n_2/3< n
(@) J@) =3 0"y "5 ot
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- N (k) flx) =) ()"
) f) =Y - % o)
" W) fla) =Y 27" (‘11/ 2
n=0
(a) f(x) =29 +29(x —2) + 10(x — 2)® + (z — 2)*
_ G n('r - 1)n+1
(b) f(z) = ;}(—1) —l]
2 83 (1 — 2)™
CEEEES

@ fa) =33 (1) op
n=0
1 (z—7/4)%" B Z(_l)n 1 (z—m/4)2H!

— 2 (2n) 2 5 s 1)
(a) 1/2 (c) —1
() =8 (d) 1/120.
(8) Ty(@) = e + e(w — 1) + & . 2 el - 1)?
ORI R X Gk R - N i

43
(@) Ty(x) =@ +a” +
(e) Ty(z) = a3
(f) Ts(z) = 2
-4 (z—4)? (z—4)
(&) Tslw) =2+ ==~ —4; 512
(h) T3(z) =1 + 22
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11) In what follows we estimate the remainder R, (z) = f(z) —T,,(x). We used the assumption
that |z —a| < 1/2.

3/2 /1 4
(a) [Rs(z)| < % <2> in view of |f®) ()| = |e*| < %2 for |z —1] < 1/2.

4
(b) |Rs(x)| < % <;) in view of [ f4)(z)] = | sin(x)| < 1 for [z — /6] < 1/2.

4 4
(¢) |Rs(a)] < 2 <1> in view of [f@ ()| = [2* cos(x)| < 2* for |z — 7/4| < 1/2.

=4\ 2
1/2 4
(d) |R3(x)| < 464‘ <;> in view of |f)(z)] = | — 4e® sin x| < 4e!/? for |z| < 1/2.
4
e) |Rs(x S@ 1 in view of
(e) | a\3
622 162 12
4) — = _
POl = e Y erp @y
- 622 N 6o | | 12
“(x+1)4 (x+1)3 (x+1)2
|6 (1/2)2 16-1/2 12
~(=1/241)* (—=1/2+1)3 (—1/2+1)2

=6-4+16-4+12-4=136 for x| <1/2.

Here the absolute values of the fractions in the second line are estimated as the
largest value in the numerator over the smallest value in the denominator.

9/2 (1\*

(f) R3(x) < 9/2 (1 in view of
41 \ 2
|fW(@)] = [ sin(z) — 4 cos(x)|
< |z sin(z)| + 4| cos(z)|
1

§§-1+4:9/2 for |z| <1/2.

15 1 /1\*
R3(x) < ———+— [ = | in view of
15 15
(4) = |- <
@) ' 1627/2| = 343,/14
We used here that the absolute value of f ) is decreasing, and so the maximum is
attained at the left endpoint of |z — 4| < 1/2.
25! /4 (1\*
<2> in view of

for |z — 4| <1/2.

(h) R3(z) < 2

1FW(z)| = ‘486$2$2 + 126" + 1667 2t
< 48¢1/%(1/2)? 4 121/ 4 16¢(1/2)°(1/2)*
= 25e!/4 for |x| < 1/2.



