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Energy notation
Let A be compact set in R” (say A= S""1)

N-point configuration wpy = {x1,...xy} C A

> f-energy:
N
Ef(wn) == ZZ f(xi —x;)
i=1 j#i
» Reisz s-potential: fs(x) :=1/|x|°, s> 0.

v

Log-potential: fiog := log(1/|x]).

. _ 2
Gaussian: g, := el a>0.
)

v

v

Minimal Energy Problem: Find describe wj, such that

5,’(/4, N) ‘= min Ef(OJN)

wyCA



The circle A = St

The configuration of equally
=27k

spaced points wy = {e'w }N |
is optimal for a large class of
potentials.

» For0 <s#1,
E(SY, N) = VLN2+(27m)*2¢(s)N S+ O(N°L), (N — o)

where ((s) is Riemann zeta function and Vi = %
» For a complete asymptotic expansion as N — oo see

[Brauchart, H., Saff, 2011].



Asymptotics of Random configurations

Qn = {X1, X2, ... Xn}: N independent samples chosen according
to a probability measure y supported on A.

3000 random points 3000 points near optimal for s = 2
What about the f-energy?
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E [Es(Qn)] —/ /Zf xj)dp(x1) - - du(xn)

i#



Asymptotics of Random configurations
Qn = {X1, X2, ... Xn}: N independent samples chosen according
to a probability measure y supported on A.

E [Es QN]_/ /Zf x; — x;)dp(x1) - - - dp(xp)

i#

=3 [ [ - x)dutx) - dutxw)

i#j

= Z// x;j — x;)dp(x;)dp(x;))

i#j
= N(N — 1)Is(p)

where

) i= [[ £l = x)dutx)duty) = EEASa)).



Energy asymptotics for s < d and s = log.

Riesz s-equilibrium measure: Is(us) = min,cp(a) Is(1)

Theorem (Polya, Szego, Fekete, Frostman; cf. Landkof)

Let A C RP be compact, s < d := dimy(A). Then
Es(A,N) = Is(1s)N? + o(N?), N — oo

and minimal s-energy configurations wy, = wjy (A, s) satisfy

1 x
V(w*,i,)::ﬁz&%,us as N — co.

*
XEUJN

Recall: If 0 < s < d and Qp consists of N independent samples of

X ~ ps then
E [Es(QN)] = IS(IU’S)N(N - 1)'



Energy asymptotics for s < d and s = log.

Riesz s-equilibrium measure: Is(us) = min,cp(a) Is(1)

Theorem (Polya, Szego, Fekete, Frostman; cf. Landkof)
Let A C RP be compact, s < d := dimy/(A). Then

Es(A, N) = Is(1s)N? 4 o(N?), N — oo

and minimal s-energy configurations wy, = wy (A, s) satisfy

1 %
u(w,\,)::ﬁzéxé,us as N — oo.

*
XEWN

Conjecture: If 0 < s < d, there exists a constant C; 4 such that

Es(A,N) = Is(:us)N2 + Cs,dNH_S/d + O(N1+S/d)a N — oco.



Energy asymptotics for s > d.

Ais a d-rectifiable set if A is the image of a bounded set in RY
under a Lipschitz mapping.

Theorem (H. & Saff, 2005; Borodachov, H. & Saff 2007)

Let A be a compact d-rectifiable set with d-dimensional Hausdorff
measure Hq(A) > 0 and suppose s > d.

» Optimal s-energy configurations wy, for A satisfy
* * -1
y(w,\,) — (Hd(A)) ,Hd‘A'

» If s > d, there exists a constant Cs 4 (independent of A) such
that as N — oo,

Es(A,N) = Coa[Ha(A)] "IN/ 4 o(NHF#/9),
» if A is also contained in a C' d-dimensional manifold then

Eq(A,N) = (Ha(Bg)/Ha(A)N?log N + o(N?log N).



N 000 points




N\ periodic energy

v

(Bravais) lattice A = AZ9 for some A € GL4(R).
If f : RY — R decays sufficiently rapidly as |x| — oo, we
consider the A periodic potential

Fa(x) == Zf(x—i— v) = Zf(x— v)

veN veN

v

v

Fa(x — y) equals energy required to place a unit charge at
location x € RY in presence of unit charges at
y+N={y+v:ivel}

F is A-periodic, that is, F(x 4+ v) = F(x) for v € A.
EF(RY,N) = Ep(Qn, N).

v

v



A-periodic Riesz energy

» For a lattice A C RY, s > d, and wy C Qp consider
Es A(wn) E E K = E Ca(six —y)
v—y+w
x£yEwpy veEN XF#yEwy

where

a(six) =Y —— o V|s (s>d,xeRY). (1)

veln
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A-periodic Riesz energy
» For a lattice A € RY, s > d, and wy C Qp consider
Esalon) = > Y 2= Y (lsix—y)
V—Y+W
x#yEwy VEN X#YyEwn

where

Z T V|5 (s>d,xeRY. (1)

Theorem (H., Saff, Simanek, 2015)
Let A be a lattice in R? with co-volume |A| > 0 and s > d. Then

s /\(N) . 55(Ql\a N) —s/d
NIL>oo N1+s/d = Nlinoo Nit+s/d = s,dl/\‘ / , s> d, (2)

. gdﬁA( ) o Eq(Qn, N) _ 27d/2 _1
MM NZlog N~ M™e NZlogN dr(g)w (3)




N periodic Riesz s-energy

For s > d, the periodic Riesz s-potential is

F/\s Z|X 5 $>d,X€Rd,

and we write
g/\’s(N) = gF/\,s(Q/\7 N)

CA(s; x) == Fas(x) is called the Epstein-Hurwitz zeta function
for A.

Theorem (HSS, 2015)

Let A be a lattice in RY with co-volume || > 0. For s > d, we
have

_EAN) L E(QAN) _s/d
I\Ill—r>noo NIts/d N T NIts/d s,d|/ A7 s>d,

where Cs 4 is the same as in BHS Theorem.



The constant C 4 reflects the ‘local’ structure of optimal
s-energy configurations.

> C1 = 2¢(s) (MMRS, (2005))

» Conjecture (Kuiljaars and Saff, 1998):
Cs2 = (py(s) for s > 2 where Ay de- )
notes the equilateral triangular lattice
and, for a d-dimensional lattice A,

Cs)= > [ (s>d).

0#£veN

» Scaled lattice configurations restricted
to a fundamental domain gives:

Cod < CA(S)IN 75/, (s > d).



Theta functions: Periodizing Gaussians

» Periodizing go(x — y) = eI’ 3> 0, leads to:

On(a; x) = Z emabtvl?,

veA

» If a configuration wy is optimal for ©x(a; -) for all a > 0, then
wyp is A-periodic universally optimal N-point configuration.



Periodizing long range potentials

» For s < d, thesum > 7|X_1V|5 is infinite for all x € RY.

» convergence factors: a parametrized family of functions
g2 : R? — [0,00) such that
(a) for a> 0, fs(x)ga(x) has sufficient decay as |x| — oo so that

Fs,a,/\(x) = Z fs(X + V)ga(X + V)

converges to a finite value for all x ¢ A, and
(b) lim,_0+ ga(x) = 1 for all x € RY\ {0}.

» The family of Gaussians g,(x) = e—a is a convergence
factor for Riesz potentials. We show that one may choose G,

such that for 0 < s < d



Main Result

Theorem (H., Saff, Simanek, Su, 2017)
Let A be a lattice in RY with co-volume |A| = 1. Then, as N — oo,

[SICE

27T s s
EAN) = o N2+ CogN*Td +o(NT3), 0<s<d,
O FEP
o 2 )
5|0g7/\(/\/) = d N(N — 1) — 8N|OgN + (Clog,d — 2(/\(0)) N + O(N)

where Cog.q and Cs 4 are constants independent of \.

Remark: Petrache and Serfaty (2017) show the existence of
related energy limits for d — 2 < s < d in the context of energy
minimizing configurations in the presence of a confining external
field.



Universal optimality conjecture for dimensions
d=2,4,824

> In each of the dimensions d = 2,4, 8,24, there are special
lattices Ay, (namely, Az, Da, Eg, Leech lattice) that are
conjectured by Cohn and Kumar (2007) to be ‘universally
optimal’; i.e., optimal for energy minimization problems with
potentials F that are periodizations of potentials of the form
f(|x — y|?) for ‘completely monotone’ f with sufficient decay.
If true, then Cs g = (p,(S) in these dimensions for s > 0 and

s#d.
» Cohn, Kumar, Miller, Radchenko, Viazovska, 2020: Eg and
Leech lattice are universally optimal.

» Optimality for Gaussian potentials g2(x — y) = e~ (i,
Theta functions) implies universal optimality.



Optimal N point configurations for A,

Conjecture

Let N C Ay with co-volume N > 3 (must be of form
m? + mn+ n? for m,n € Z). Then wy = A2 N Qs is the unique

(up to isometry) universally optimal N-point for appropriate N
periodized potentials.
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N=11,a=20 N = 11,2 = 100



Optimal N = 2, 3 point configurations for A,

Y. Su has shown universal optimality for N =3 and N = 2.




Optimal N = 2, 3 point configurations for A,

Y. Su has shown universal optimality for N =3 and N = 2.
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