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A verage. Kisung Momber

Tac King of unit disks by he xogonal. (attice
Eodn disk touches 6 disks
= leerage Rissng Twmber of 4he
hﬁxagonaé bttice s 6



A vergoe }Gssing MNomber

Poc k’mg ot unit disks by he xa%ono& lotEice

Eodh disk touches 6 disks
=> Average Rissrg mumber of 4
"Lexa%onaf bthice s 6

The disks can have any rodii

here: + any Black dlisk touches 412 disks
- ony green disk +toudes 3B disks

- the average (s sti¢é &




A erage K ésiag MNomber

Toc k’mg o§ unit disks bg \’Lexa%onaﬁ lattice

Eodn disk touches 6 disks
= Average Rissng mumber of 4o
"Lexa%onaf bthice (s 6

The disks can hove any rodii

here: « any Black dlisk touches 42 disks
- ony green disk toudes B disks

- the average (s stite &6

(on we increose. the. gvera ge ‘R'\ss'\nﬂ numboer bg
0dding more smaller disks €



A veraoe Kz Sing Momber

j:& CE\ng O§ bQ[ < N ,)Rn: \_flﬂ( le Set Q\'_ﬁ \ﬂter\Or-d\.%jOiﬁ't C(OSfd b(l(es

(ontact grophs of a packing J = groph widh verkex set & in which o
balls X ard Y are adjoink (f XnY+@
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A c\i\ng £ boll i R: finite set of interior-disjoint closed balls

(Confact grophs of a packinﬁ P+ groph aith verbex set & in udhich two
balls K and Y ave adjoink (f XnV+&

Average k\ss'\ng aumber in ® -

k.= sup{S(6): G isthe contact 8raph og a pacleing of loalls in W\%

whene S'( G) der\o’ces O\\rerage degree o§ 6.



%vercicje K< ing MNomber

P c\i\ng # boll i R finite set of interior-disjoint closed balls

(Contact gmphs of Q pacl:ing P: QTOPh it verkex set & in which wo
balls X and Y ave adjoink (f XnY+@

Average kiss'\ng aumber in |-

K, = sup {$6): 6 (s te contact groph OJC Q pacle(ng of oalls in ﬂn?{

where 'S( &) denotes Owveroge degree Ooe 6.

Koebe- Andrew - Thurston - Gontoct grophs for packings of disks on the plane
are Smple_planor graphs = Kk, =6
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J('or n>2: problem unsobved.
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for n>2: problem unsobved.

ower lbounds: « Kissing number of o lattice
- For dimengion 3t ko2 12.612 (Eppstein, Kupexberg‘%egeer)



A verage i g Momber

\_}’or n>3: problem unsobved.
Jower bounds: - K(ssmg number of o lattice
- For dimengion 3t ko> 12.612 (Eppstein, Kupexberg\’%egeer)

Uppe( bour\dsz Jet ? be &Packir\gl \’(X) (o0hus OJC Xéj)
GCRE) contact graph of &, T Kissing number



A vergoe Kis ing MNomber

J(’Qr n>2: problem unsofved.
JLower bounds: e Kissing number of o lattice
. For dimension 3t k. » 12.612 (Eppstein, Kupexberg\f%\'eg@er)

Upper bounds:  Jet Pbe apaclcing, ¢ (X) rodius of Kel
GCFE) contact graph og P, T Kiss‘mg aumber
# of reignbors of X with radius at least r(X) ¢ Tn



A vergoe Kis <ing MNomber

for N> problem unsobved.
ower lbounds: « Kissing number of o lattice
- For dimension 3¢ ko> 12.612 (Fppstein, Kupexberg\f,z\'egea*)

Upper bounds:  Jet Pbe opacing, ¥ (X) rodius of XeP
GCRE) contact graph of &, Tn Kissing numlber
# of reighbors of X with rodius at least r(X) & Tn

(B[ 27 1{xY}eErXerMY £ Ty | P

Xe?P



A veraoe Ki<s <ing Mymber

J()or n>2: problem unsolved.
JLower bounds: e Kisséng number of o lattice
. For dimengion 3¢ ko> 12.612 (Eppstein, Kupefberg\:z\'egeer)

Upper bounds:  Jet Pbe apacking, ¢ (X) rodius of Kel
GCF E) contact graph og P, T Kiss\ﬂg aunmber
# of reignbors of X with rodius at least r(X) & Tn

B[ &7 X3 eErNer) £Ty 1P

Xe?P

SC@ %lﬂgl' £ 4T = X & LT



[Joper Bound

First nondrivial upper bound by Kuperberg & Schramm
= k£ 8+1413 =44.998..

Glazyrin tefines this approoach : Ky £ 43.955

and extends it to higher dimension
beots QT. Upper bound for n=45

OU( 300&" Qey\'ne Glazﬂr\n‘s Opproach bg us’mg
Semidefinite  pr 0gramming.



Notations

Euclidean (nner product - X-\j"%xc‘ga, Xyl

(n-A)dim unit sphere SM={X€"%“: "X“"’A}

distance befween x,yeS™ + arccos xy

surfoce meosure of (-)dim sphere of rodius -+ Gop (w=c)

spherical cap in S of center xeS” ondk f0dUUS ot { ye S Xy 7 Cos o]

mormabized areao\i s c@p: " j M—uz)m‘f- ow



6(023rin’5 (U\pp@f Bo\md

s let 0>1, r>0, dimension n»3
‘ « B, :ball of radius r f&ngemf to ‘8,



6(021jﬂh'§ U\Ppéf Boued

N let Io>’1, r>0, dimension N73
‘ a B¢ ball crf rodius ¥ ﬁa«ngené to 8,
B n /DSM s either emply or avsphencal cgo.

Normolized area. of this spherical cap:

_ Oy (B, npS™)
’qﬂ'P r coe (p s™)

0S O Q unchon o§ 1S mono{:on('ca((g increasc'ng.



6(023r£n':\; Upper Boved

Lemma: 1€ 123,04, 1>0 then A, 0+ A (4) > QF\,,‘P (1)




6(021jf n's (U\Pp@f Boued

oleme: lae ﬂ?B,Io>4, r>0 then A,,,P(r)wé)nlp ({1;) P/ ‘Q"qﬂ.P M)

fix p»41 and consider unit ball at origin.
Ar\g conﬁg uration of poiruise intesior -disjonrt balls {:ongm’c to certrol
unit ball covers a gmdc'\on of pSM centered ok or'\g'\n.

dens,, - sup of covered frochon over all configurations



6(023rin'§ Upper Hourd

Lemmas 1€ 123, 04,150 then A, 0+ Ay (4) > QA,,‘P (1)

olet G=(PE) of o packing P in R S Am‘,(-‘;—%%) +A,, (—;—%%) 2 o Ao AE]
€
r(X): radivs of Ke



6(02;jnfn'§ Upper Boued

demma: 1§ n»3, 054 1>0 then /qn,lo(r)’r/q,w (4) > QAn‘P (1)

det G-(PE) of a pocking Pin® 5 A, ()4, (58] 22 A, IEL

r(X): radivs of Ke
N(X) - set of ne(ﬂh\oors of XeJ GYlee 0



GKOZ'jV n's U\PPPJ BO\K\O\

Lemma: 1€ 193,054 150 then A, O+ Ao (1) 2 2A,, 1)

o r r(
olet G=(RE) of o packing J in K > An,(,(-r%))) +F]G'P (——(—) ) ,Cl () IE|

s of e S (@48, (0)-T T AR
N(X) - set o:g ﬂegh\oOVS Oﬁ XeJ {(XYle€ oA Hap A (X XeT YeN(x)

< | P densn((ﬁ



Glozyrin's Uppy Boued

Lemmo: | f n»B,,oM, r>0 then A,,,P(r)%),w (—H 2 Q/qn'[, (1)

Let 6=(j?E) of& pack'\ng PinR Z An",(%)) +,C]0'P (‘rr‘%%) 2 (Q /qn,P(A) ]E(
€

r(X): radivs of Ke
N(X) - set of newhbors of Xe P (Yje€

for p<3:A,,(1)>0 < P! dens, (0

> AE| £ densn(p)
JEERN 2 - NN7)




6(023rtfn's Upper Boued

Lemma: 1€ 193,054 150 then A, O+ Ao (1) 2 2A,, 1)

det G-(RE) of  packing Pin R 5 A (Gh)+A, (5G] 2 L Ane N IEN

() odus of JeP (lee
AL 1QQIUS €

r(Y) _r__
N(X) - set of neiﬂh\oors of XeP (X'YZ}GEA”"( )+Anf>( (X ) )z,, ZNO’(QWP X
?Drp<3r@,,,f,(/()>0 < | P olensn((ﬁ

AE| £ dens,lp) - dens, (o)
_—> | P An,p(/” > )( /C)np(/])
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Theorem : |§ n>3 ond 4<P<3, then kn = d;r\snc_p)
np (N




6(023rin’5 Upper Boued

Theotem : 1§ 123 ond 4<p<3, then K, ¢ dgf‘sn(jf)
np

CRE
= L, P

Aop1) :rormabized oea of sphencal cap of radius ot s 4. cos
=) We. Can COI'Y\PU*B An'P(A) QXPQAQ\W \-?O\’ N3,



Gfozgjrin's Upp@f Bo\md

Theotem : 1€ n»3 and 4<p<3, then k, ¢ dgr\s?i_?)
np

,07‘+3
4 ‘o

Anp) :rormalized s of sphencal cop of radius ot 54 Cos =
= we_ can compude Anlp(/l) exp&c}dg gor N3

For dens,co)e1, p=13 + ky€44.928. (Kuperbery & Sdwoenm)

k. < 34.C80. |
L 77756 }(GW‘W
_<77756.



GKOZijrin'S (U\PPU Boued

Theotem : 1§ n=3 ond 4<p<3, then k, ¢ d;r\s“(i_ﬁ)
np

p+3

Anp) :rormabized oves of sphencal cap of radius ot s 4. cos =
=) We_ Can Comp(dﬂ AQ‘P(A) QXPQAQ\W \-?0\' WY

For dens,co)¢4, p=13 + ks 44,928, (Kuperberg & Sdramm)

<GB0, .
k, <7756 }(6(0}3“”)
_<77756.

Glozymn improved. upper bownd, for dens,(R) = k¢ 43.955.
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«S@ ml.d@}( r(\ﬁ'f, JJ (1 Og(()m [ mﬁﬂ

Ao incteasing in rand hes a mit A, (=) @ é)



Helinu rung Glozyns opprooch using
Spmlf §l( \)’\ZP ﬁgg(omm}%

: ,, p mcreasmg in r and has q bmit ’qnp(w) @ ‘3
5»

*(r+s) = (As)+ (Mr)= Q(A+ ) (Ats) cosec P
, A4ris-ts _
= XY & Jireaws ~ P09




\P%G'ruhg o 23 (N QPPr ooch ugy 9
«S@ ml.d(é ((\}'l’f, j)( Og(O(f I’ {U‘rg

A

b increasing in rond has a bmit Qn’{,(oo)

Atrts-rs
N+ 1+ S4rS

* (r4s)'= (/(B)z-f( /\+r)9°—Q(/lfr)(/1’rs) cose =y XY & = LP (€,5)

kernel: veal-valued  square inkgrable Qunction o VXV (V' measwe space)
R PV-R s squae niegralde = faf " is the kemng! af (xy) »—)Q(x\{l(g\
12 BELOMN-TR s o ke . U e LoA] finkte, then (F(u\v))

uvell

KIDE :30@&' poeynomiaﬂ ol,qgre& R o=p-= ((\% ) P‘SM)M

(sa pancipal submatnx # F



Sertudefinite Moo g Bound

Theorem : Let 073, 1<p<?, R st. K> 1 . r:loM->[fAR] increasing bijection

a:[041-R with al) A, (@)™ for all uelo]
Q1) > Ay p(00) "2



Sernidefinite Hogronming Kound

Theorem : Let n73, 1<p<3, K st. K> =  r:loM1>[F K] increasing bijection

0 [041-R with alW»A, (@)™ for all uelo ]
a()> 'qn,,D (00) V2

Fix 20, for k=0.,d let 7 :[OATR be o kernel

d n
Ctuy) = Z‘o RuWE @  Jor telA AT, uveo 0l



5 ér njdegi nite (P(og (oI (rg 800 nd

Theorem : Let 073, 1<p<?, R st. K> ﬁ/‘{/ r:loA1->[f&R] increasing bijecton

a: [0419R with al»A, (@)™ for all uelo ]
a(1)> an,'o(oo) V2

Fix d»0, for £-0_,d let F_-[0115R be a kernel
d
Ctuv)= ; E(u,v)ﬁn(é) for teFA AT, uveo, A
:O

if A)evey principal submodnx of F-aea” 7O,
Qevey principad - submatnix of k70 for all k=0,.,d, and
3) f(tuv) €0 whenever -A<t < o (r(w) r(v)



5 ér ﬂjdeg nite (i)( Og (L (rg 8 ound

Theorem : Let n73, 1<p<3, K st. R> %A/ r: Lo/~ R] increasing bijecton

0: [041-R with alW» A, (@)™ for all uelo]
a)> ‘qn,p (00) V2

Fix d»0, for k=0.,d let 7 :[0115R be o kernel
d
Lluyv)= ; E(u,v)ﬁn(é) for Lel-/ 1] , uveo ]
-_o

£ A)evey principal suomadnix of F-aea® O,
Q)eveg prma'/oaf submatnx af F, 70 jp‘" ol( k=0,..d, and
3) fltuv) €0 whenever -A<t < ip (r(w),r)

hen densn( P) £ MOX ( JC (A, : welo 4}}




f ér njde§ nite (P(og COTON (fg 800 nd

Roof- A normalized menof pS™ covered by the wnfiguration of P

-|
Assurne. A>O assume eocnh 0ol has raduus 2 ’Qf



Sé((l:(d(’gf nite (P(Og oo y SO(MO\

Roof- A normalized. oenof pS™ covered by the configuration of. P
Assume. A>0 , assume each bl has radwus 7 %

-l
let Bed> if ibs radins isn [ 5 2,R1, Lot ueto/l sth. r(u)= radius, ofherusise u=A.



Sernidelinite Hogronming Kound

PLgo_ﬁ' A normalized meaoj’ pSM Covered by the con§u'3ura5mr\ oj)— Vi
-
Assurne. A>0 , Qssume eoch loal) hoas raduus 2 ’92_
-l
let Bed> if ibs radins isn [ R , Aot uetodl st r(w= rodius, otherwise u=A.

B represented oy (x,w) , x=Bn central B,
T €SVx[04] set of pairs representing  each RBepP



Sémjdeg(r (e (P(Ogr QT 9 800”0\

Roof A normalized. oeaof pS™ covered by the configuration of P
-|
Assume A>0 , assume eoch e\ hos roaduus 7 QZ
|
let Bed> if ibs radins isn [ g 2,R1 Lot uetod]l sth. r(w= rodius, otheruise u=4.

B represented oy (x,u) , x=0Bn central B,
T €SVx[0A] set of pairs representing  each RBepP

Gy )42 we have

0<) Loyuawad) - ooy
(X, MeT



\§émjde r :,(758 ?(Og (IO g 80(MO\

Roof- A normalized aeof pS™ covered by the wnfiguration of. P
-l
Assume. A>0 , Qssume eoch bal has radius 7 ’92—
-l
let Bed> il ibs radins isn [ E 2,R1, Lot uetodl sih. r(u)- radius, ofherusise u=A.

x=Bn central B
T SSTX[OA] et of pairs representing ench BeP

/

B reprasented Yoy (x,u)

By 4)&2 we have hee we use 3) LGUML0  uhenever -A4¢<ip

)< Z FOyunawed) - alwai)’ € 2 LAuwy au) - (Z oL(uY‘T

( X \A [ (V,V) € I (X‘\k\ e-I (X 'U\ €L



S ér mde§ nite (P(og (L (rg 800 nd

Roof- A normalized menof pS™ covered by the wnfiguration of P
|
ASSWY\e A>O assume eoch 0ol has radius 2 EZ

let Bed> il its radivs isin [ ‘5‘\R] , Mot uetodl sth. r(u)= rodius, otherwise w=A.

B reprsented oy (x,u) , x=Bn central B,
T <S™x [0A] et of pairs represenﬁng eoch BeP

%2\ A) &2 we have her e vse 3) {‘({uv) 20 whenewer -A444 ip
e
0<)) Foyua)ad)-awaer? < T dugaa (2 aw?)
(X,U), (‘llV)GI (X.U\\ cT (xWeL

5 ol € max {Fhum  ueoAl]
(x,Wel




}(OOJ {o Speci)@j ﬁhe kern,e(s 7{ 2

Ohe Wy - hix N>0 ond funchons .., py:[0/1>R.

c (N+A)x(N+A) N
Iven Aeﬂz , set f]:{ulv) =Z /4\,}' p,'(u)pJ'(V).

|U'=O



}(OOJ fo SPEC b(‘,j the ke mels :ri 2

Ore way : hx V>0 and. funchons .., py:[0M>R.

. (N+A) x(N+A) N
Given Aeﬂz ) set q:[ul v) =Z /4\./ P,‘(u)pJ'(\/).

|U'=O

£ A70, then every prncipal submadnx of F 70



}(OOJ {o Specg(ij the kem,e(s ?I 2

- Che Wy Fx N>0 and {unctons O P [0SR

. (N+A) x(N#A) N
Given flel /S Fn)=2_ A i)

|d=0
I8 A70, ¢hen every pnncipal submoadnx of F 70

N .
£ 0= 0GPt 4040, anol (’45—"""’{1');9':0 70 , then ey prrc. subm. of F-a@a™ 70



}(OOJ fo Specggj ff 14 kem,e(s :ri 2

Che Way Rx >0 and funchors ., py: [0M1>R.

. (N+A) x(N+A) N
Given AeR /S Fn)=2_ A iyl

|d=0
I8 A70, ¢hen every pnncipal submadnx of F 70
I Q=061 +04pPy anol (/45-000{,'):}1 %0, then evay pinc subm. of F-a@a™ 7O

= We @n rephrose. SDP. Different choice of Pop-1fu gves diffeent SOP
Inferploy between chaica of p; ond Quolity of approximation o of A,w,(rmYl



}(O(u {o Sped)(g U’ I kerrcds —TZ 2

. Ohe W Rx >0 and funchors o, py: [OA1>R.

. (N+A) x(N#A) N
Siven ACﬂZ ) set f]:[u,v) =Z /4\.}' p,'(u)pj(\/).

|U'=O
I A70, then every prncipal submatnx of F 70
If a=06pP,1..+04p, anol //45‘000{,'):}1 0, then evay pnnc. Subm. of F-a@a* 70

= We @n rephrase. SOP. Different dioica of Po-1Pu - Gres dlillaent SOP
nferploy between chaia of pi and. quality of approximation o of u> Ao )™

We used two Opprooches:  A) Set p; as skep functons
J) Take funcbons p; to be po%norru'alis




\App(ox(moﬂon‘ oA u- ,llw(f(u))y2

A K‘Jump t0 make

0.45 1
a2 Ay . ()

>

1

A pofgjnom(af of degree & (in block) +hat approximates
up Asr (@Y Gin aoy) from above; here ] R-30



~
Hesulls

DIMENSION | LOWER BOWND | PREVIOUS UPAR BoUND| NEW UPPER BoUND

3 12. 642 13.955 13.606 SDP with pofynomiods
4 QY 34.684 07439 J 4=10,N=6,8, R=30

5 4O 32 357 64 022

6 72 156 21405

7 126 268 293 1 Step functon applooach
g 240 480 408336 p=2,N=30, R~ 48425

1 272 726 220 629

Rigorous verification. by Jula Gbrary of D., de laat, Noushou
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, :
5 (&0, -_Fur \C{i(O( L approod L

~

Fix > %LA' r;[O‘,qa[%-"'rR]/ )= (R- w5

Fix N>O and PO.‘(\\’S 0=s, < 54 <..<Sy <Sym = 1.

det Si=[s,s.] Jor i=0. N4, S, [s,.5,.])

0 54 onS,0 otherwise -



Step

~

gl\ [ \C{(O(L () ppro()d*.‘

Fix > ,%-%' r:[o'A]e[%'-"’R]/ rw= (R- &)y 5

Fix N>0 and PO\(\\_S 0=s, < 54 <..<Sy <Sym = 1.
CAup (s if ueS: for some i
olet S;=[s; ;) for i=0. N1, S, =[s,,s,.) aw) =4

H o P(OO)A/?' 1.5 ue SN

pi s 4 onS,0 otheruise-



5 fép -:u netion,

I

Fx R> 5 1 0/1-[F R rw- R-&)u-

Fix \>0 and ponts  03S,<.85,<.<Sy <5y, = 1.

0(6{3 S| =[Si,5iﬂ-] }0" L= O, ey A/"'f ) SN =[S/VOSNH-J a(u) =<

O pPonch.

rﬂn,p("(sau“% i£ ueS; j?or some <N

A, foo"* i§ ueSy

p 541 onS ,0 otherwise -

L P

min_ max { {:(): 0., N}
d
5@ =2, Ay R
S\A («(:\ SO mhe“e\{ex -/] é'& < ip(r(sb,r(sé))
( Ao.ﬁ ’“e“J)g,o is positive semidefinite,

(N+AOYX(N+h) . " :
Ake‘lR s positive semidefinite  for k=0,..d.




\jfep (urction. o pronch,

~4

Fix R> 50 01> [F R, r)- R F)u+ 1

Fix N>O ano\ PO\"\\'S 0=s, < 54 <..<Sy <Sym = 1.
r,C]M,(\’ N2 i ueS: Jor some i<N
et Si=[s;,s.) Jor i=0. N1, S, =s,5,.] a) =<

‘ L‘F)n.p(w)"’z i§ ueSy
7 1541 0onS,0 otherpise -

min max { i () =Q., N}
J
-5 A7
k=0
$iy (£) <0 whenever -1 ¢t < ip(r(sdr(s) < By usig
(A, il °‘J)u4- is positive semideinite, Sqmp\mﬁ

(N+AYx(N+ :
A eR N i positive  semidefinite  for k=0,..d.




Ll omial }
Jolyrorwal - approach,

Fix A>0 and Gt pi=u' for i=0,.,N

fx R>E2 and v 0A1-[ZR] st rw- (R-B)+ T



Tloeorial !
\ OJAFLOML% opproac L

Fix A>0 and Gt pi(W-u Sor i=0,.,N

fx R>B2 and v 0A1-[B2R] st rlo)= (R-ZD2+ 5

Solve. LP 4o geﬁ {0 dotoin o, (coefSicients of .. px)

Fix &0, and ﬁr\'&e Sample S : 0P, (W+...+ Gy Py (W) 2 H,,,P(r(u))‘/z*rs Jor somple points w

0o, M+ + 0, Py )2 Ao ()"

Maximize  op .+, A, ()™ - u eSS



Tlieorial }
\ OJAFLOMLQ‘ Opproac L

Fix A>0 and Gt piw=ut Sor i=0..N

ix R>%% ond v: [0A1-[F' R] st. rw= (R- el

Solve LP o geﬁ to dotoin. o,y (coefSicients of .. px)

Fix £ 0, and J(i‘n'\*e Somple S = 0P W+ Ay Py () 2 App (ORI Jor somple points u

0o, N+ + 0, Py )2 Ao (00)"2

Maximize  oLp (il +og pul-A, ()* - ueS}
We et approxitndhion o and

use sum of souares 0 check £t uv)¢0 for {lyit) - S;ovd)20 =44}

{or some polyromias s,.s,



q / '
T ) il approach.

MmN

d N q
ClEuv)= kjj ). A pp T ()
=0 i:'):O

;F =~ 'SQCI'fSS?s' S4Q¢ 95
Q\-(‘(/Ilu'u): ANRE; (A-\ﬁuea(u)

Qu-9s sum of Squares polynomuals in upyt
€y, €y sumof squares podynomuals in u
N . . .
(A, g‘""f"S)'. , s positive semideinte
) 19:.

(NH) x (N+4) .
erﬁ% (S positive semidefinife for k=0,..,d



